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This paper is concerned with the interactions of δ-shock waves and the vacuum states
between the two contact discontinuities for the transport equations. The solutions are
obtained constructively when the initial data are three piecewise constant states. The
global structure and large time-asymptotic behaviors of the solutions are analyzed case
by case. Moreover, it can be found that the Riemann solutions are stable for such small
perturbations with initial data by studying the limits of the solutions when the perturbed
parameter ε tends to zero.
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1. Introduction
We are concerned with the transport equations in the following conservative form [11]⎧⎨
⎩
ρt + (ρu)x = 0,
ut +
(
u2
2
)
x
= 0, (1.1)
where ρ,u represent the density and the velocity, respectively.
Eqs. (1.1) can be obtained from the Euler equations of one-dimensional compressible ﬂuid ﬂow⎧⎨
⎩
ρt +
(
ρu + p(ρ))x = 0,
ut +
(
u2
2
)
x
= 0, (1.2)
by letting the pressure term p(ρ) tend to zero.
The second equation in (1.1) is just the inviscid Burgers equation and the solutions to the Riemann problem are the
classical entropy solutions. The Dirac function is introduced as a part for the density ρ in (1.1) when the characteristic
velocity u is discontinuous. Thus it is not diﬃcult to see that the δ-shocks and vacuum states do occur in the Riemann
solutions to the transport equations (1.1), which can be obtained by the vanishing viscosity approach [11,21]. For the related
work, we can see [1,3,5,8,10,14] and the references cited therein.
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he studied the Riemann problem for⎧⎪⎪⎨
⎪⎪⎩
ut +
(
1
2
u2
)
x
= 0,
vt +
(
1
2
uv
)
x
= 0.
(1.3)
In 1994, Tan, Zhang and Zheng [23] considered{
ut +
(
u2
)
x = 0,
vt + (uv)x = 0, (1.4)
which has the trivial difference u → u2 with (1.3). They discovered that the form of the standard Dirac delta function
supported on a shock was used as a part in their Riemann solutions for certain initial data. LeFloch et al. [6,9] applied the
approach of nonconservative product to consider the nonlinear hyperbolic systems in the nonconservative form. Recently,
the δ′-shock waves and the interactions of δ-shock waves have been studied by Shelkovich et al. [7,20] through the weak
asymptotic method. Also see [12,19] for the related equations and results.
In this paper, our main purpose is to investigate various possible interactions of delta shock waves and contact vacuum
states for (1.1). It is important to investigate the interactions of elementary waves not only because of their signiﬁcance
in practical applications but also because of their basic role as building blocks for the general mathematical theory of
quasi-linear hyperbolic equations. And the results on interactions can be also used in a procedure similar to the wave-front
tracking approximation for general initial data. Thus, we take three pieces constant initial data instead of the Riemann data
and then the solutions beyond the interactions are constructed. Furthermore, we prove that the solutions of the perturbed
initial value problem converge to the corresponding Riemann solutions as ε → 0, which shows the stability of the Riemann
solutions for the small perturbation.
It is diﬃcult to cope with the interactions of delta shock waves with the other elementary waves, for it will give rise to
the product of δ(x) and H(x). To overcome this problem, we adopt the method of splitting of delta function along a regular
curve in R2+ proposed by Nedeljkov and Oberguggenberger [16–18]. Now, the product with piecewise smooth function with
discontinuity along such a curve makes sense and the differentiation is deﬁned by mapping into the usual Radon measure
space. In order to deal with the interactions of the delta shock waves with the vacuum states, we adopt the idea proposed
by Liu and Smoller [15] when they considered the vacuum problem for the isentropic gas dynamic equations, and then
approximate them by a set of small non-admissible shocks like as the front tracking algorithm [2].
The paper is organized as follows. In Section 2, we restate the Riemann problem to the transport equations (1.1) and the
solution concept based on splitting of delta measures along a regular curve in R2+ for readers’ convenience. In Section 3, we
mainly discuss the interactions of the delta shock waves with the contact vacuum states for all kinds when the initial data
are three piece constant states, and the solutions are constructed globally and ﬁnally the stability of the Riemann solutions
is analyzed.
2. Preliminaries
In this section, we ﬁrstly sketch some results on the Riemann solutions to the transport equations (1.1) and the detailed
study can be found in [11,21]. For more details about the Riemann problem for hyperbolic conservation laws, see [4,22].
Consider the Riemann problem for the transport equations (1.1) with Riemann initial data
(u,ρ)(x,0) = (u±,ρ±), ±x> 0, (2.1)
where ρ± > 0.
The transport equations (1.1) have a double eigenvalue λ = u and only one right eigenvector −→r = (1,0)T . Furthermore,
we have ∇λ · −→r = 0, which means that λ is linearly degenerate. Thus, the Riemann solutions of (1.1) and (2.1) can be
constructed by contact discontinuities, vacuum or δ-shock wave connecting two constant states (u±,ρ±).
For the case u− < u+ , there is no characteristic passing through the region u−t < x < u+t and the vacuum appears in
the region. By taking the self-similar transform ξ = xt , the solution can be expressed as
(u,ρ)(x, t) =
{
(u−,ρ−), x u−t,
(ξ,0), u−t  x u+t,
(u+,ρ+), x> u+t.
(2.2)
For the case u− = u+ , it is easy to see that the constant states (ρ±,u±) can be connected by a contact discontinuity.
For the case u− > u+ , a solution containing a weighted δ-measure supported on a line will be constructed. We consider
a piecewise smooth solution of (1.1) in the form
(u,ρ)(x, t) =
{
(u−,ρ−), x< σ t,
(uδ,w(t)δ(x− σ t)), x = σ t, (2.3)
(u+,ρ+), x> σ t,
C. Shen, M. Sun / J. Math. Anal. Appl. 351 (2009) 747–755 749where
σ = uδ = 1
2
(u− + u+), w(t) = 1
2
(ρ− + ρ+)(u− − u+)t. (2.4)
The measure solution (2.3) with (2.4) satisﬁes the generalized Rankine–Hugoniot condition⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
dx
dt
= uδ(t),
dw(t)
dt
= [ρ]uδ(t) − [ρu],
[u]uδ(t) =
[
u2
2
]
,
(2.5)
where [ρ] = ρ+(x(t) + 0) − ρ−(x(t) − 0), etc.
In order to ensure the uniqueness, the δ-entropy condition u− > σ > u+ should be proposed, which means that all
characteristics on both sides of the δ-shock wave curve are incoming.
Now, we brieﬂy review the concept of left- and right-hand side delta functions which will be extensively used later and
the detailed study can be found in [17,18].
Let R2+ be divided into two disjoint open sets Ω1 and Ω2 with a piecewise smooth boundary curve Γ , which satisﬁes
Ω1 ∩ Ω2 = ∅ and Ω1 ∪ Ω1 = R2+ . Let C(Ωi) and M(Ωi) be the space of bounded and continuous real-valued functions
equipped with the L∞-norm and the space of measures on Ωi (i = 1,2), respectively. Suppose that CΓ = (C(Ω1), C(Ω2))
and MΓ = (M(Ω1), M(Ω2)), the product of G = (G1,G2) ∈ CΓ and D = (D1, D2) ∈ MΓ is deﬁned as an element GD =
(G1D1,G2D2) ∈ MΓ , where GiDi (i = 1,2) is deﬁned as the usual product of a continuous function and a measure. Thus,
it is obvious to see that the product deﬁned as above makes sense.
Every measure on Ωi can be viewed as a measure on R2+ with support in Ωi . From this viewpoint, the mapping m :
MΓ → M(R2+) can be obtained by taking m(D) = D1 + D2. Similarly, we have m(GD) = G1D1 + G2D2.
For example, the delta function δ(x − γ (t)) ∈ M(R2+) along the piecewise smooth curve x = γ (t) can be split in a
non-unique way into a left-hand component D− ∈ M(Ω1) and a right-hand one D+ ∈ M(Ω2) such that{
δ
(
x− γ (t))= β−(t)D− + β+(t)D+,
β−(t) + β+(t) = 1. (2.6)
The solution concept used in this paper can be described as follows: carry out the multiplication and composition in the
space MΓ and then take the mapping m : MΓ → M(R2+) before differentiation in the space of distributions.
3. Interactions of delta shock waves and contact vacuum states
We begin by considering the initial value problem (1.1) with three pieces constant initial data as follows:
(u,ρ)(x,0) =
{
(u−,ρ−), −∞ < x< −ε,
(um,ρm), −ε < x< ε,
(u+,ρ+), ε < x< +∞,
(3.1)
where ε > 0 is arbitrarily small. The data (3.1) is a perturbation of the corresponding Riemann initial data (2.1). We face the
interesting question of determining whether the Riemann solutions of (1.1) and (2.1) are the limits of (uε,ρε)(x, t) as ε → 0,
where (uε,ρε)(x, t) are the solutions of (1.1) and (3.1). We will deal with this problem case by case along with constructing
the solutions.
The vacuum states will appear in the Riemann solutions and lie between two contact discontinuities when u− < u+ ,
which will be named as the contact vacuum states in the sequel for conciseness. In this work, we make a distinction
between two vacuum states with different (fake) velocities, similarly to the method introduced by Liu and Smoller [15] for
the isentropic gas dynamics equations. This is equivalent to say that we deal with the vacuum states like as the rarefaction
waves and then approximate them by a large number of small amplitude non-physical shock waves proposed by Bressan [2].
In order to cover all the cases completely, we divide our discussion into the following four cases according to the different
combinations of the delta shock waves and contact vacuum states starting from (−ε,0) and (ε,0) as follows:
(1) u− > um > u+, (2) u± > um, (3) u− < um < u+, (4) u± < um.
Case 1. u− > um > u+ .
In this case, we consider the interaction of two delta shock waves emitting from (−ε,0) and (ε,0). The occurrence of
this case depends on the condition u− > um > u+ (see Fig. 1).
The propagating speeds of the two delta shock waves are σ1 = u−+um2 and σ2 = um+u+2 , respectively. Thus, it is easy to
see that δS1 will overtake δS2 at a ﬁnite time. The intersection (x1, t1) is determined by
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x1 − ε = σ2t1, (3.2)
which implies that
(x1, t1) =
(
ε(u− + 2um + u+)
u− − u+ ,
4ε
u− − u+
)
. (3.3)
At the intersection (x1, t1), the new initial data are formed as follows:
u|t=t1 =
{u−, x< x1,
u+, x> x1, ρ|t=t1 =
{
ρ−, x< x1
ρ+, x> x1
}
+ β(t1)δ(x1,t1), (3.4)
where β(t1) denotes the sum of the strengths of incoming delta shock waves δS1 and δS2 at the time t1, which can be
calculated by
β(t1) = 2ε · (ρ− + ρm)(u− − um) + (ρm + ρ+)(um − u+)
u− − u+ . (3.5)
A new delta shock wave will generate after interaction and we denote it with δS3, which can be expressed as{
u(x, t) = u− + (u+ − u−)H,
ρ(x, t) = ρ− + (ρ+ − ρ−)H + β−(t)D− + β+(t)D+, (3.6)
where H is the Heaviside function and β(t)D = β−(t)D− + β+(t)D+ is a split delta function. All of them are supported
on the line x = x1 + (t − t1)σ3, i.e., they are the functions of x − x1 − (t − t1)σ3, here σ3 is the propagating speed of δS3.
Although they are supported on the same line, D− is the delta measure on the set R2+ ∩ {(x, t) | x x1 + (t − t1)σ3} and D+
is the delta measure on the set R2+ ∩ {(x, t) | x x1 + (t − t1)σ3}.
It can be easily derived σ3 = σ = u−+u+2 from the Rankine–Hugoniot condition of the second equation in (1.1). From (3.6),
we can compute
ρt(x, t) =
(−σ(ρ+ − ρ−) + β ′−(t) + β ′+(t))δ − σ (β−(t) + β+(t))δ′, (3.7)
(ρu)x(x, t) = (ρ+u+ − ρ−u−)δ +
(
u−β−(t) + u+β+(t)
)
δ′. (3.8)
Substituting (3.7) and (3.8) into the ﬁrst equation in (1.1) and comparing the coeﬃcients of δ and δ′ , we have the relations
−σ(ρ+ − ρ−) + β ′−(t) + β ′+(t) + ρ+u+ − ρ−u− = 0, (3.9)
−σ (β−(t) + β+(t))+ u−β−(t) + u+β+(t) = 0. (3.10)
Noting the initial condition (3.5), from (3.9), we can calculate
β(t) = β−(t) + β+(t) = β(t1) + 1
2
(ρ+ + ρ−)(u− − u+)(t − t1), (3.11)
which is the strength of δS3 after interaction. Combining (3.10) and (3.11), we can obtain β−(t) = β+(t) for this special case.
Thus, the result of interaction of two delta shock waves is still a single delta shock wave. One can easily see that
β(t1) → 0 and t1 → 0 as ε → 0, i.e., the limit of the solution of (1.1) and (3.1) is the corresponding Riemann solution
of (1.1) and (2.1) in this case.
Case 2. u± > um .
In this case, we consider the interaction of the delta shock wave starting from (−ε,0) and the contact vacuum states
starting from (ε,0). This case arises when u± > um . The propagating speed of the delta shock wave δS1 is σ1 = u−+um and2
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intersection (x1, t1) is determined by{ x1 + ε = σ1t1,
x1 − ε = τ1t1, (3.12)
which means that
(x1, t1) =
(
ε(u− + 3um)
u− − um ,
4ε
u− − um
)
. (3.13)
The strength of δS1 at (x1, t1) can be calculated by
β(t1) = 2ε(ρ− + ρm). (3.14)
The delta shock wave will enter the vacuum region after the intersection of δS1 and J1 and we denote it with δS2 in this
region. Here we use Γ : x = x(t) to express the curve of δS2 in the vacuum region, with values (u−,ρ−) on the left-hand
side and ( x−εt ,0) on the right-hand side. From the Rankine–Hugoniot condition of the second equation in (1.1) and (3.13),
we have
σ2(t) = dx
dt
= u−
2
+ x− ε
2t
, x(t1) = x1, (3.15)
which has a unique solution
x(t) = u−t − 2
√
ε(u− − um)t + ε, t  t1. (3.16)
Now, we construct a delta shock wave supported on Γ : x(t) = u−t − 2
√
ε(u− − um)t + ε in the vacuum region in the
following form:
u(x, t) =
{
u−, x< x(t),
x−ε
t , x(t) < x< u−t,
(3.17)
ρ(x, t) =
{
ρ−, x< x(t)
0, x(t) < x< u−t
}
+ β−(t)D−Γ + β+(t)D+Γ , (3.18)
where β(t)DΓ = β−(t)D−Γ + β+(t)D+Γ is a split delta function supported on Γ and β(t) = β−(t) + β+(t) is the strength of
δS2 at the time t .
Substituting (3.17) and (3.18) into (1.1) yields
σ2(t)ρ− + β ′−(t) + β ′+(t) − ρ−u− = 0, (3.19)
−σ2(t)
(
β−(t) + β+(t)
)+ u−β−(t) + x− ε
t
· β+(t) = 0. (3.20)
Noting the initial condition (3.14), from (3.19), one can easily see that
β(t) = β−(t) + β+(t) = 2ρ−
√
ε(u− − um)t + 2ε(ρm − ρ−), (3.21)
for t  t1 in the vacuum region.
In view of (3.15), (3.20) and (3.21), we obtain
β−(t) = β+(t) = ρ−
√
ε(u− − um)t + ε(ρm − ρ−).
It is easy to see that β ′(t) > 0 and β ′′(t) < 0 from (3.21), thus the strength of δS2 will continue to increase but not as
quick as before. This is due to the fact that the right-hand side of the δS2 curve Γ are the vacuum states and all the added
matters come from the left-hand side of Γ .
It can be observed that δS2 will cross the vacuum region with a varying speed of propagation, i.e., Γ : x = x(t) is no
longer a straight line in this region and δS2 will accelerate until its speed arrives at x−εt = u− . Thus we should divide our
discussion into the following three subcases.
Subcase 2.1. u− < u+ .
It can be derived from (3.15) and (3.16) that σ2(t) = u− −
√
ε(u−−um)
t . It is clear that σ2(t) → u− as t → ∞ for given
ε > 0. Thus, the δS2 curve cannot penetrate over the vacuum region and ﬁnally has x(t) = u−t + ε as its asymptote when
u− < u+ (see Fig. 2). The propagating speed of δS2 and the two-side speeds are all equal to u− as t → ∞. From (3.21), one
can easily get β ′(t) = ρ−
√
ε(u−−um)
t → 0 as t → ∞, i.e., the added matters almost tend to zero for suﬃciently large t . For
any given t , we have β(t) → 0 and σ2(t) → u− as ε → 0. Thus we can see that the limit of the solution of (1.1) and (3.1) is
the corresponding Riemann solution of (1.1) and (2.1) in this subcase.
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Fig. 3. u− > u+ > um .
Subcase 2.2. u− > u+ .
In this subcase, the δS2 curve will penetrate over the whole vacuum region and then meet J2 at (x2, t2). The speeds of
δS2 and J2 at this point are σ2(t2) = u−+u+2 and τ2 = u+ , respectively (see Fig. 3).
The intersection (x2, t2) can be calculated by⎧⎨
⎩u− −
√
ε(u− − um)
t2
= u− + u+
2
,
x2 − ε = u+t2,
(3.22)
i.e.,
(x2, t2) =
(
4εu+(u− − um)
(u− − u+)2 + ε,
4ε(u− − um)
(u− − u+)2
)
. (3.23)
From (3.21), we can obtain the strength of the delta shock wave at (x2, t2) as follows:
β(t2) = 4ερ−(u− − um)
u− − u+ + 2ε(ρm − ρ−). (3.24)
At (x2, t2), a new initial value problem is formed and can be dealt with similarly to Case 1. We denote the delta shock
wave with δS3 after the interaction of δS2 and J2, whose velocity and strength are σ3(t) = u−+u+2 and β(t) = β(t2) +
1
2 (ρ+ + ρ−)(u− − u+)(t − t2) for t  t2, respectively.
Letting ε → 0, one can easily see that the limit of the solution of (1.1) and (3.1) is the corresponding Riemann solu-
tion (2.3) and (2.4). Thus, the limit situation is also true in this subcase for our assertion.
Subcase 2.3. u− = u+ .
In this special subcase, the δS2 curve has J2: x− ε = u−t as its asymptote and the conclusion is obviously identical with
our assertion.
Case 3. u± < um .
In this case, the interaction of the contact vacuum states starting from (−ε,0) and the delta shock wave starting from
(ε,0) happens. The propagating speed of the second contact discontinuity J2 is τ2 = um and that of the delta shock wave
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δS1 is σ1 = um+u+2 . Thus, J2 is claimed to catch up with δS1 at a ﬁnite time. The ﬁrst intersection point (x1, t1) can be
easily found by solving the equations{ x1 + ε = τ2t1,
x1 − ε = σ1t1, (3.25)
which gives
(x1, t1) =
(
ε(3um + u+)
um − u+ ,
4ε
um − u+
)
. (3.26)
The strength of δS1 at (x1, t1) can be calculated by
β(t1) = 2ε(ρm + ρ+). (3.27)
Then the contact vacuum states will interact with the delta shock wave after the time t1 and the situation is quite
similar to Case 2. Here we still use Γ : x = x(t) to express the curve of δS2 in the vacuum region, with values ( x+εt ,0) on
the left-hand side and (u+,ρ+) on the right-hand side.
Similarly, we have
σ2(t) = dx
dt
= x+ ε
2t
+ u+
2
, x(t1) = x1, (3.28)
whose solution can be expressed as
Γ : x(t) = u+t + 2
√
ε(um − u+)t − ε, t  t1. (3.29)
Now, we consider δS2 supported on Γ in the vacuum region in the following form:
u(x, t) =
{
x+ε
t , u+t < x< x(t),
u+, x> x(t),
(3.30)
ρ(x, t) =
{ 0, u+t < x< x(t)
ρ+, x> x(t)
}
+ β−(t)D−Γ + β+(t)D+Γ , (3.31)
where β(t)DΓ = β−(t)D−Γ + β+(t)D+Γ is a split delta function supported on Γ and β(t) = β−(t) + β+(t) is the strength of
δS2 at the time t .
With a similar calculation, one can obtain
β(t) = 2ρ+
√
ε(um − u+)t + 2ε(ρm − ρ+), (3.32)
for t  t1 in the vacuum region and β−(t) = β+(t) can be also derived.
It can be observed that δS2 will decelerate until its speed arrives at x+εt = u+ . Also, we should divide our discussion
into the following three subcases.
Subcase 3.1. u− < u+ .
Obviously we have σ2(t) = u+ +
√
ε(um−u+)
t from (3.28) and (3.29) and then σ2(t) → u+ as t → ∞ for given ε > 0. Thus,
the δS2 curve cannot penetrate over the vacuum region and ﬁnally has x(t) = u+t − ε as its asymptote (see Fig. 4). The
propagating speed of δS2 and the two-side speeds are all equal to u+ as t → ∞. Similar to the analysis in Subcase 2.1, the
Riemann solution of (1.1) and (2.1) is also stable with respect to this small perturbation.
Subcase 3.2. u− > u+ .
In this subcase, the δS2 curve will cross the whole of the vacuum region and then meet J1 at (x2, t2). The speeds of δS2
and J1 at this point are σ2(t2) = u−+u+ and τ1 = u− , respectively (see Fig. 5).2
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Fig. 6. u+ > um > u− .
Thus, the intersection (x2, t2) can be calculated by⎧⎨
⎩u+ +
√
ε(um − u+)
t2
= u− + u+
2
,
x2 + ε = u−t2,
(3.33)
i.e.,
(x2, t2) =
(
4εu−(um − u+)
(u− − u+)2 − ε,
4ε(um − u+)
(u− − u+)2
)
. (3.34)
The strength of the delta shock wave at (x2, t2) can be derived from (3.32) as follows:
β(t2) = 4ερ+(um − u+)
u− − u+ + 2ε(ρm − ρ+). (3.35)
At (x2, t2), a new initial value problem is formed and can be dealt with similarly to Case 1. We denote the delta shock
wave with δS3 after the interaction of δS2 and J2, whose velocity and strength are σ3(t) = u−+u+2 and β(t) = β(t2) +
1
2 (ρ+ + ρ−)(u− − u+)(t − t2) for t  t2, respectively.
The conclusion of this subcase is analogous to that of Subcase 2.2. Letting ε → 0 in the perturbed solution of (1.1)
and (3.1), the result is obviously consistent with the corresponding Riemann solution (2.3) and (2.4) for this subcase.
Subcase 3.3. u− = u+ .
This case is trivial. The δS2 curve has J1: x + ε = u+t as its asymptote and the conclusion is obviously true for our
assertion.
Case 4. u− < um < u+ .
In this case, both the contact vacuum states are emitting from (−ε,0) and (ε,0). It is obvious to see that the propagating
speed of J2 is um , which is the same as that of J3. Thus, they are not able to overtake each other and then no interaction
happens (see Fig. 6). As ε → 0, J2 and J3 will coincide with each other and the two vacuum states will assemble together
and coalesce into one.
So far, we have ﬁnished the discussion for all kinds of interactions and the global solutions for the perturbed initial value
problem (1.1) and (3.1) have been constructed completely. We can see that each solution after an interaction containing a
delta shock is admissible, i.e., over-compressive. In brief, we summarize our results in the following.
C. Shen, M. Sun / J. Math. Anal. Appl. 351 (2009) 747–755 755Theorem 3.1. The limits of the perturbed Riemann solutions of (1.1) and (3.1) are exactly the corresponding Riemann solutions of (1.1)
and (2.1) and the asymptotic behavior of the perturbed Riemann solutions is governed completely by the states (u±,ρ±). That is to
say, the elementary wave in the time-asymptotic solution is the delta shock wave for u− > u+ , the contact vacuum states for u− < u+
and the contact discontinuity for u− = u+ . Thus, we can draw the conclusion that the Riemann solutions of (1.1) and (2.1) are stable
with respect to such small perturbations.
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